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Sergey Lysenko 

i Abstract Following Laumon [|lO|, to a nonramified £-adic local system E of rank n on 

I a curve X one associates a complex of £-adic sheaves on the moduli stack of rank 

i n vector bundles on X with a section, which is cuspidal and satisfies Hecke property for 

bJOl E. This is a geometric counterpart of the well-known construction due to Shalika and 

^ . Piatetski-Shapiro We express the cohomology of the tensor product nlCsi ® n^^Ea 

I terms of cohomology of the symmetric powers of X . This may be considered as a geometric 

. interpretation of the local part of the classical Rankin-Selberg method for GL(n) in the 

fT^ I framework of the geometric Langlands program. 

^ ■ 0.1 General introduction 

I This is the first in a series of two papers, where we propose a geometric version of the classical 

' Rankin-Selberg method for computation of the scalar product of two cuspidal automorphic 

. forms on GL(n) over a function field. This geometrization fits in the framework of the geometric 

^ I Langlands program initiated by V. Drinfeld, A. Beilinson and G. Laumon. 

Let X be a smooth, projective, geometrically connected curve over ¥q. Let £ be a prime 

^Sj ■ invertible in Fg. According to the Langlands correspondence for GL(n) over function fields 

<*' , (proved by L. Lafforgue), to any smooth geometrically irreducible Q^-sheaf E of rank n on X is 
associated a (unique up to a multiple) cuspidal automorphic form ipE ■ Bun„(Fg) Q^, which 

(3 ' is a Hecke eigenvector with respect to E. The function (pE is defined on the set Bun„(Fg) of 

. isomorphism classes of rank n vector bundles on X. 

I The classical method of Rankin and Selberg for GL(n) may be divided into two parts: local 

0> ■ and global. The global result calculates for any integer d the scalar product of two (appropriately 

. normalized) automorphic forms 

g: ^ #A^'^^^(^)^^^^^)' 

where Bun^(Fq) is the set of isomorphism classes of vector bundles L on X of rank n and degree 
d, and ^ Aut L stands for the number of elements in Aut L. More precisely, this scalar product 
! vanishes if and only if Ei and E2 are non isomorphic. In the case Ei^E2-^E the answer is 

expressed in terms of the action of the geometric Frobenius endomorphism on H^(X(8)Fg, SndE). 
The computation of (||) is based on the equality of formal series 



X 



E E ^Aut(l^»-i ^ n ^^^'^^^^^-(^^^' = L{Et®E2, q-H) (2) 
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Here nMdi^q) is the set of isomorphism classes of pairs {Q'"'^^ ^ L), where L is a vector bundle 
on X of rank n and degree d + n{n — l)(g — 1), and 0, is the canonical invertible sheaf on X 
is embedded in L as a subsheaf, i.e., the quotient is allowed to have torsion). We have 
denoted by L^E^ E2,t) the L-function attached to the local system E\® E2 on X. 

Recall that the existence of the automorphic form (/j^; is a descent problem (cf. fl^). Using 
an explicit construction due to Shalika |jl^ and Piatetski-Shapiro |jl^ , one associates to a smooth 
Q^-sheaf E of rank n on X a function '■ n-M.d(^q) — > Q^, which is cuspidal and satisfies Hecke 
property with respect to E. The Langlands conjecture predicts that when E is geometrically 
irreducible, (pE is constant along the fibres of the projection n-M.d{^q) —>■ Bun^"*""^" ^^^^ ^\¥q), 
that is, (fiE is the pull-back of a function ipE on Bun„(Fg). So, (^) is a statement independent 
of the Langlands conjecture. In fact, (Q) is of local nature: it is true for any local systems Ei 
and E2 of rank n on X after replacing ipE by (fE- 

Main result of this paper is a strengthened geometric version of the equality 

E ^Aut(17»-i^L) ^^?^^^'^^-('-^ = ^"' ^ tr(Fr,(i?j55i?2)g^) (3) 

of coefficients in (||) for each d >0. Here X^'^^ is the d-th symmetric power of X, (i?* £^2)*-'^^ is 
a constructable Q^-sheaf on X^'^^ (cf. Sect. |T|), and Fr is the geometric Frobenius endomorphism. 

Let denote the moduli stack of pairs (0""^ ^ L), where L is a vector bundle of rank n 
and degree d + n{n — l){g — 1) on X, and s is an inclusion of Cx-modules. Following Drinfeld Q 
(n=2) and Deligne (n=l), Laumon has defined a complex of Q^-sheaves uK-e n-Md, which 
is a geometric counterpart of ipsfl The geometric Langlands conjecture predicts that when E is 
a smooth geometrically irreducible Q^-sheaf of rank n on X, nK-E descends with respect to the 
projection n-Md Bun„, where Bun„ is the moduli stack of rank n vector bundles on X. 

We establish for any smooth Q^-sheaves Ei, E2 of rank n on X and any d > a canonical 
isomorphism 

Rr,(„>[rf, „/C|. ®„/Cij^Rr(x('^), {E*^ ^ E2)'^'''>){d)[2d], 
which is a geometric version of (^). In fact, a more general statement is proved. 
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0.2 Conventions and notation 

0.2.1. Fix an algebraically closed ground field k of characteristic p > 0, a prime i ^ p and an 
algebraic closure of Q^. All the schemes and stacks we use will be defined over k. Throughout 
the paper, X will denote a fixed smooth projective connected curve of genus g > I (over k). 

We normalize n/Cfi as in Remark |l](cf. Sect. 2.1). This also gives a normalization oi ips as the function 'trace 
of Frobenius' of „IC%. 
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We will work with algebraic stacks in smooth topology and with (perverse) Q^-sheaves on 
them. If X is an algebraic stack locally of finite type then the notion of a (perverse) Q^-sheaf on 
X localizes in the smooth topology, and hence makes perfect sense. However, the corresponding 
derived category is problematic. We adopt the point of view that an appropriate formalism 



exists (it is partially established in |11|). Let / : — > be a morphism of algebraic stacks. The 
functors /*,/*, f\ will be understood in the derived category sense. 

We say that / is a generalized affine fibration of rank m in the following cases. First, if locally 
in smooth topology on 3^ there exists a homomorphism L ^ L' of locally free coherent sheaves 
on y and an L'-torsor y' ^ y such that / is identified with y' /L y, the quotient being taken 
in stack sense, and rk L' — rk L = m. Second, if the map / can be written as the composition 
of generalized affine fibrations of first type of ranks mi, . . . , ruk with Yl^i = i^- We essentially 
use the fact that for a generalized affine fibration / of rank m one has /; ^ Q£{—m)[—2m]. 

We fix a nontrivial additive character V : IFp ^ Q| and denote by £^ the Artin-Schreier 
sheaf on associated to -0 (SGA4^, [Sommes trig.], 1.7). Fix also a square root of p in Qi and 
define using it the sheaf Q^(^) over SpecFp and, hence, over Speck. 

0.2.2. When we say that a stack y classifies something, it should always be clear what an 5- 
family of something is for any /c-scheme S, i.e., what is the groupoi'd Hom(S', 3^) and what are 
the functors Hom(S'2,3^) Hom(Si,3^) for each morphism — > 82- 

For example, if y is the stack that classifies pairs Mi ^ M2 with Mi (resp. M2) being a 
coherent sheaf on X of generic rank ii and of degree di (resp., of generic rank i2 and of degree 
(^2) then Hom(S, 3^) is the groupoi'd whose objects are inclusions Mi ^ M2 of coherent sheaves 
on S" X X that are S'-flat and such that the quotient M2/M1 is also 5-fiat, and for any point s € S 
the conditions on the generic rank and on the degree of Mj \sxx (i = 1)2) hold. Morphisms 
from an object Mi ^ M2 to an object M[ ^ are by definition the isomorphisms Mi^M( 
and M2-^M2 making the natural diagram commutative. 

We denote by Shj the moduli stack of coherent sheaves on X of generic rank i. This is an 
algebraic stack locally of finite type. Its connected components are numbered by d € Z: the 
component Shf classifies coherent sheaves of rank i and of degree d on X. The stack Sh|^ IS, m 
fact, of finite type. 

By Pic X C Shi we denote the open substack classifying invertible Ox-modules. This is the 
Picard stack of X. Its connected component Pic'^ X classifies line bundles of degree d on X. 

Denote by ^" Sh^ C Sh^ the open substack given by the property: for a scheme S an object 
F of Hom(S', Shp) lies in IIom(S', Shp) if the geometric fibre of F at any point of X x S* is of 
dimension at most n. We write X^"^^ for the d-th. symmetric power of X. By div : Shg — s- X^'^^ is 
denoted the morphism norm (cf. [^,6). If Di, . . . ,Ds are effective divisors on X then it sends 
the Ox-module Odi+...+d, © OD2+...+D, ® ■■■ ® Od, to Di + 2D2 + ... + sD^. 

0.2.3. Fix the maximal torus of diagonal matrices in GL(n) and the Borel subgroup of upper- 
triangular matrices. Then the set of weights of GL(n) is identified with Z". The fundamental 
weights are given by = (1, . . . ,1,0,... , 0) € Z"-, where 1 occurs i times {i = 1, . . . ,n). 

Define the following semigroups C A„ C A^ consisting of weights. Let A„ = Z" and 
An = {A G Z" I Ai + . . . + Aj > for all i}. The superscript p should designate that A^ contains 
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the Z+-span of positive roots. Set also A+ = {A = (Ai > . . . > A„ > 0) | Aj S Z}. Similarly, we 
let A" = {A = (0 < Ai < . . . < A„) | A^ G Z}. 

For d > we also introduce A„ C A„, A^^ C A+ and so on, where the subscript d means 
that we impose the condition ^ Aj = d. The half sum of positive roots is denoted by p. 

For a weight A of GL(n) we introduce the schemes X^,X^,X^ and X^ that should be 
thought of as the moduli schemes of A+ (resp., of A,^, A„, A^) -valued divisors on X of degree 
A. The precise definition is as follows. 

Set X^ = ]X^^^X^^^+-+^-\ A point of X^ is a collection of (not necessarily effective) 
divisors (Di, . . . , Z)„) on X with Di + . . . + A e x^^^+-+^^\ Let X^ ^ X^ be the closed 
subscheme given by > for all i. Let X^ (resp., X^) be the closed subscheme of X"^ given 
hyDi>...>Dn (resp, Di < . . . < 

Given a closed point {Di) of X^ with Di = di^xX, we associate to it a divisor on X with 
values in An. The value of this divisor at x is the weight {di^x, ■ ■ ■ ,dn,x)- In the same way a 
closed point of X^ (resp., X^,X^) can be viewed as a A„ (resp., A+,A~) -valued divisor on X. 

0.2.4. For A € A^^ define the polynomial functor V'^ of a Q^-vector space V as follows. Let 
A = (Ai,... ,A„',0, ... ,0) with A„' > 0. Denote by the irreducible representation of Sd 
(over Q) associated to A. So, for example, if A = (d, 0, . . . , 0) then C/'^^Q is trivial, and if 
A = (1, . . . ,1) then is the signature representation. Set 

where it is understood that acts by permutations on V^'^ and diagonally on the tensor 
product. If m = dim^ < n' then V'^ = 0, otherwise is the irreducible representation of 
GL{V) of the highest weight (Ai, . . . , A„/, 0, . . . , 0) G A+^^. 

1 Laumon's perverse sheaf jC^ 

Let S be a smooth Q^-sheaf on X. Recall the definition of Laumon's perverse sheaf £% on Sh[j 
associated to E ([|l^]). Denote by sym : 

Xd _^ ^jjg natural map and consider the smooth 
Qf-sheaf E^'^ on X"^. Notice that sym,{E^'^)[d] is a perverse sheaf. Set 

E^'^^ = {sym,{E^'^)f'' 

bmce is a direct summand of symi {E^'^), ^('^)[d] is also a perverse sheaf. 

Denote by Tl^'-'^ (1 occurs d times) the stack of complete fiags (Fi C . . . C F^), where 
Fi is a coherent torsion sheaf on X of length i. The morphism p : Tl^''"'^ — > Shg that sends 
{El C . . . C -Frf) to Ed is representable and proper. The morphism q : Tl^'- -^ —)■ ShJ x . . . x Shg 
that sends {Fi C ... C Ed) to (Fi, F2/F1, . . . ^Ed/Ed-i) is a generalized affine fibration. This, 
in particular, implies that ^/^'•••'^ is smooth. 

Springer's sheaf 5pr^ on Shg is defined as 

5pr| = p,q*(div^'^)*(F^'^) 
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Since p is small, 5pr^ is a perverse sheaf that coincides with the Goresky-MacPherson extension 
of its restriction to any nonempty open substack of Shg. It also carries a natural S'^-action (cf. 
Theorem 3.3.1 of Q). Set 

C% = Roms,{tTw,Spr%), 

where triv denotes the trivial representation of the symmetric group S^- Again, is a direct 
summand of Spr"^, so is perverse and coincides with the Goresky-MacPherson extension of 
its restriction to any nonempty open substack of Shg- We have a smooth morphism X^'^^ Shg 
that sends a divisor D to Od, and the pull-back of under this map is identified with E^'^\ 

2 Main results 

2.1 Fix n > 0, d > 0. Let be the canonical invertible sheaf on X. Denote by nQd the stack 
that classifies collections 

(0 = Lo C Li C ... C L„ C L, (si)), (4) 

where C L is a modification of rank n vector bundles on X with deg(L/L„) = d, (Li) is a 
complete flag of subbundles on L„, and Sj : J7"~*^-Li/Lj_i is an isomorphism (i = 1, . . . ,n). 
We have a map /i : nQd — ^ which at the level of /c-points sends the above collection to the 
sum of n — 1 classes in 

Ext^ 17"-' )^ Ext^ (Li+i /Li , ) 

that correspond to the succesive extensions — Li/L-i^i L.j+i/Lj„i Li^i/Li —i- 0. 

Let P : nQd^ -"Sh^ be the map that sends to L/L„. It is of finite type and smooth 

n-l 

of relative dimension b = b{n,d) = nd -\- {1 — g) ^ i^. Therefore, nQd is smooth and of finite 

i=l 

type. So, if is a smooth Q^-sheaf on X then on nQd we have a perverse Q^-sheaf 

Let ttq : nQd X^"^^ be the map that sends (Q) to the divisor D € X^^^ for which the 
inclusion of invertible sheaves A^'Ln ^ A^L induces an isomorphism A"L„(Z))^ A" L. We also 
have a map ^ Pic'^X that sends a divisor D to Ox{D). 

Let n-M.d be the stack classifying pairs (fi""^ ^ L), where L is an n-bundle on X with 

degL - deg(0("-l)+("-2)+...+{n-n)) = 

The forgetful map C ^ nQd ^ n-Md is represent able, and the following diagram commutes: 

nQd ^ X(^) 

i c i 
nMd ^ Pic'^X, 
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where is the map that sends (fi""^ ^ L) to det L ® j^(i-n)+(2-n)+...+(n-n) Denote by 

the morphism ttq x ttq. Since X'^'^^ ^ Pic'^X is representable and separated, the diagonal map 

is a closed immersion. Our main result is the next theorem. 

Main Local Theorem . For any smooth Qi-sheaves E,E' on X of ranks m,m' respectively 
with min{m, m'} < n there exists a canonical isomorphism 

IT,. {nPk^^ ^ uJ'e',^-^) ^i*{E®E') ("^^ (d) [2d] 

in the derived category on X^*^^ ^pic'^x 

Remark 1. i) The stack nQ^ x^Md nQd is of finite type, though nMd is not, so that tt is of finite 
type but not representable. 

ii) Define the complex „/C^ on n-^d as = O.in^Eip)- '^^^ geometric Langlands conjecture 
claims that if is a smooth irreducible Q^-sheaf of rank n on X then for each d > the complex 
„/C^ descends with respect to the projection n-Md — > Bun^. 

2.2 Actually we prove a more general statement. Recall that for Q^-vector spaces E, E' of 
dimensions m, m' respectively we have 

Sym'^(£; E') = ©,g^+ E^ ® {E')^, 

r,d 

where r = min{m,m'}. To formulate the version of Main Local Theorem we actually prove, we 
globalize the above equality as follows. 

For A G A^^ and a smooth Q^-sheaf £' on X we define a constructable Q^-sheaf E^ on X^ 
(cf. Sect. 3.1), which is a global analog of the corresponding polynomial functor. The fibre of 
E^ at D = XxX is the tensor product over closed points of X 

where E^ denotes the fibre of E at x. For example, for A = (d, 0, . . . , 0) we have X\ = X^'^^ 
and E^ = E^'^\ Another example, for A = a;^ we obtain X\ = X and E\ = A^E. 

Denote by ir^ : X^ ^ X^'^) the map that sends {Di >...> > 0) e X^ to Di- 

Lemma 1. For any smooth Q^-sheaves E,E' on X of ranks m,m' resp. there is a canonical 
filtration 

= ^°{E ® E')'-'^') C^\E^ E'Y'^^ C . . . 

on {E^E')^'^^ by constructable subsheaves with the following property. First, if mm{m,m'} < n 
then ^"-{E (g) E'Y'^^ = {E (g) E'^'^K Secondly, there is a canonical refinement of this filtration 
such that 

gr ^""{E ® E')^'^ ^ ©,g^+ TT^iEl ® E'^) 

n,d 

for each n. 
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Main Local Theorem^ . For any smooth Qi-sheaves E,E' on X there exists a canonical iso- 
morphism 

in the derived category on X'^^^ ^pic'^x 

2.3 The proof consists of tiie following steps. Let us denote by n-^d the stack classifying 
collections (L, (ti)), where L is a vector bundle on X of rank n, 

is an inclusion of Ox-modules (i = 1, . . . ,n), and degL — deg(r2*^"^^''~^*^"~^''"'''"+*^"^"'') = d. 
Given an object of nQd, we get the morphisms 

ti : nin-l)+-+{n-i)~ I. ^ 

This defines a map if : nQd ^ n^d- Notice that Q : nQd ^ nMd factors as „Qrf n^^d nMd, 
where the second arrow is the forgetful map. Since n-^d — > n-^d is representable and separated, 
the natural map nQd x„Xa nQd ^ nQd ^nMa nQd a closed immersion. Let 

Tr'-.nQd X,.X, nQd ^ X'^^^ Xp.^,^ X^'^) 

be the restriction of n to nQd x„Xd nQd- The first step is to establish the following result. 
Theorem A. For any smooth Qi-sheaves E,E' on X the natural map 

'^\{n^E,ip ^ n^E',ip-^) ~^ '^'.in^E,ilj ^ n^E' ,ip-'^) 

is an isomorphism. 

Our proof of Theorem ^ will be based on Proposition |l], which is a corolary of the geo- 
metric Casselman-Shalika formula for GL(n) (cf. ijl^ , ^, |l^). We present it in Sect. ^ written 
independently of the rest of the paper. 

The second step is as follows. Let <f> : n^d ^ X^'^^ be the map that sends (L, (tj)) to the 
divisor D € X^'^^ such that tn induces an isomorphism 

j^{n-l)+...+{n~n)^^)~ ^n 

SO that (j)oip = ttq. We will write / : nQd x^x^nQd X^'^^ for the composition nQd x^x^nQd 

nXd X'^'^\ where the first map is the natural projection. The morphism / is of finite type but 
not representable. Since the diagram 

nQd XnA'd nQd ^ nQd X^Md nQd 
if 

commutes, Main Local Theorem is just a combination of Theorem |A| with the following result. 
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Theorem B. For any smooth Qi-sheaves E, E' on X there is a canonical isomorphism 

„^^,^_0- ^E E')('^\d)[2d] (5) 

We present two different proofs of Theorem ^ In the first proof, which occupies Sect. 6.1 
through 6.5, we derive Theorem ^ from the following result. 

Theorem C. Let div : Shg X^"^) denote the restriction o/ div : Shp X^'^\ For any 
smooth Qi-sheaves E,E' on X the complex (-"div)!(>C^ ^ ^e') placed in degrees < —2d, and 
for the highest cohomology sheaf of this complex we have canonically 

R-2'i(^"div),(/:i ^ C%,){-d)^ ^"(^ ® E')^'^^ 

In Sect. 6.6 we present an alternative proof of Theorem The idea of this proof was 
communicated to the author by D. Gaitsgory. This proof requires the additional assumption: 
minjrkS, rk£"} < n. The reader interested in the proof of Mail Local Theorem under this 
assumption may skip Sect. 6.1 through 6.5. 



3 Around the geometric Casselman-Shalika formula for GL(n) 

3.1 The purpose of Sect. ^ is to present Propositi on [| , which is a corolary of the geometric 
Casselman-Shalika formulae for GL(n) (cf. |14, ^, [Tsfl)- To formulate it we introduce some 
notation. 

Fix A € A^^. Recall that X^ is the scheme of collections {Di, . . . ,D„), where Di is an 
effective divisor on X of degree Aj with Di < . . . < Dn- Let 

ix-.X^^ Sh^ 

be the map that sends (Di, . . . , Z)„) to 



According to ( ||To[| , Theorem 3.3.8), if is a smooth Q^-sheaf on X then the complex i^^E 
placed in degrees < 2a(A) with respect to the usual t-structure, where 

a(A) =^< A,(n-l,n-2,... ,0) > 

Moreover, if m € N is such that A = (0, . . . ,0, A„_m+i, • • • , A^) with A^-m+i > then 2a(A)-th 
cohomology sheaf of i^^E vanishes if and only if rkE' < m. 

For a weight A = (Ai,... , A„) set A* = (A„, . . . ,Ai). Denote also by t : X^^X^*^ the 
isomorphism that sends {Di, . . . , D„) to {Dn, ■ ■ ■ , Di). 

Definition 1. For any smooth Q^-sheaf E on X define the sheaf E^ on X^ by 

E^=n^^^^\ilC%){a{X)) 
Define also the sheaf eY on X^' by e¥ =t^E^. 
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Let be the vector bundle whose fibre over {Di, . . . ,0^) is the vector space of 

collections (fii,... ,(T„_i), where 

ai G Hom(!^"-^-\J7"-^(A)/f^""*) 

By us : ^ we will denote the map that at the level of A;-points sends (ui, . . . ,an-i) to 
the sum of n — 1 classes in /c^Ext^(r2"^*^^, r2"~*) corresponding to the pull-backs of 

with respect to ai : O""*"! Vr-\Di)/Vr-\ 

Let be the stack of collections: (-Di,... G X:^ and a flag (F^ C ... C F") of 

coherent torsion sheaves on X with trivializations 

for i = 1, . . . , n. The projection r : — > is a generalized affine fibration of rank zero. 

Let K : W'^ be the morphism over X^ defined as follows. Given an S-point of W'^, 

consider for i = 1, . . . ,n — 1 the exact sequence 

(Here should be understood as the sheaf of relative differentials Qg^^x/s)- It induces a map 

which is an isomorphism of O^xX-modules, because Dj+i > Di. The map k sends this point 
of >V^ to (o-i, . . . , an-i), where at is the global section of 7iom(l^"~'-\ J7"-^(A)/^^""*)> whose 
image under (P) corresponds to the extension 

^ FY F^~^ F^^^ I F^^^ /F* — > 

Denote also by Py^ : ^ Sh[j the morphism that sends (F^ C . . . C F") to F". 
Proposition 1. For any smooth - sheaf E on X there is a canonical isomorphism 

T^.{l3*y^C%®K*ii*sC^y=iE^_ (7) 
The proof is given in Sect. 3.3. 
3.2. Local lemma 

For the convenience of the reader, we begin with a local counterpart of Proposition ||, working 
completely in a local setting. 

Let O be a complete local /c-algebra with residue field k, which is regular of dimension one 
(that is, chosing a generator uj of the maximal ideal m C O, one identifies O with the ring k\\u)\\ 
of formal power series of one variable). Denote by K the field of fractions of O. Let f2 be the 
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completed module of relative differentials of O over k (so, (7 is a free O-module generated by 
duj). For z > we write il* for the i-th tensor power of 17 (over O). For an integer m denote by 
f7*(m) C f7* K the O-submodule generated by uj~'^duj^\ 

Recall that we have fixed A G Consider the stack W/^^ classifying collections: a flag of 

torsion sheaves {F^ C . . . C -F") over Spf O with trivializations 

i?Yi?i-i^f]"-»(A,)/f]"-» 

for i = 1,... ,n. (The subscript 'loc' will stand for local counterparts of certain stacks or 
morphisms). Clearly, W/^^ — >■ Spec A; is a generalized affine fibration of rank zero. We also have 
the scheme S^^^ whose set of /c-points is the set of (o"i . . . , ct„_i) with 

ai G Hom(0"-*-\a"-^(A,)/!^"-^) 

Besides, we have a map {fJ-s)ioc '■ S^^^ that at the level of A;-points sends (di . . . ,crn-i) to 

^resCTj. One also defines a morphism kioc : W;^^ —>■ Sf^^ in the same way as k. 

Let -"'ShQ(O) be the stack classifying coherent torsion sheaves F on Spf O of length d for 
which dmi{F <^o k) < n. It is stratified by locally closed substacks Sh'^(O) indexed by S A^^. 
The stratum Sh'^(C') classifies sheaves isomorphic to 

Let Bu be the intersection cohomology sheaf associated to the constant sheaf on the stratum 
Sh'^(O). Let 

be the map sends (F^ C . . . C F") to F". 

Local version of Proposition ^ can be stated as follows. 

Lemma 2. For any v G A^^ we have canonically 



Proof Denote by VV^^^ the stack of collections: a flag of torsion sheaves {F^ C . . . C -F") on 
Spf O with trivializations 

F'/F'-'-^n^-yn^-'i-Xn-^+i) 

for 2 = 1, . . . , n. We have an isomorphism y^i'oc~^yyi'oc that sends (F^ C . . . C F") to the flag 
(F^ C . . . C F") with 

F' = £xt\F''/F''~\ f7"-i) 

for i = 1, . . . ,n. This duality allows to switch between dominant and anti-dominant weights of 
GL(n). 
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Put Lj = © ... © for z = 1, . . . , n. Denote by Qr'^'^{Ln) the moduli scheme of 

O-sublattices TZ <Z Ln such that 

dim(L„/7t) = d 

Chosing a triviahzation Ln-^O^, one identifies this scheme with the connected component 
g^d,,+ = Qr'^'^ (O") of the positive part of the affine grassmanian for GL(n). 

We have a locally closed subscheme S ^ Qr'^'~^{Ln) whose set of /c-points consists of TZ with 
the following property. If TZi = TZ H Li then the image of the inclusion TZi/TZi-i ^ 17"^* is 
^^""*(-A„-i+i) for i = 1,... ,n._ 

We have a map fjioc '■ S W^^^ given by = Lj/T^-j for i = 1, . . . , n. One checks that fjioc 
is an affine fibration of rank a(A*). We also have a smooth and surjective map 

gr'^'+(L„)^^"Sh^(0) 

that sends 7^ C L„ to Ln/TZ, and we denote by Qr'^[Ln) the preimage of the stratum Sh^(O) 
under this map. The Goresky-MacPherson extension of Q_(\^{v, p)]{{y, p)) from Qr'^{Ln) to its 
closure is a perverse sheaf denoted Au (cf. |^). So, our assertion is nothing else but the geometric 
Casselman-Shalika formulae (cf. |p!^ , |l5|): 

Rr,(5, Au ® fjlAocMlcC-^)^ I Q^[_2(^, p)), if i A 

□ 

We will need the above lemma in a bit different form. Put Li = J7"^-^(Ai) © . . . ffi 0"~*(Aj) 
for i = 1,... ,n. Let Qr'^'~^{Ln) be the moduli scheme of O-sublattices TZ <Z Ln such that 
dim(L„/7^) = d. As in the proof of Lemma ^, on Qr'^'~^{Ln) we get a stratification by locally 
closed subschemes Qr'^{Ln) indexed by G A^^, and the perverse sheaves Ay. 

By 5 C Gr^^+{L n) we denote the locally closed subscheme whose set of fc-points consists of 
sublattices TZ with the following property. Let TZi = TZCiLi. The condition is that the image of 
the inclusion 

TZi/TZi-i ^ Li/Li^i^n-^-^Xi) 

is the sublattice C 0"~*(Aj) for z = 1, . . . , n. We also have a map rjioc '■ S —>■ Wf^^ given by 
= Li/TZi for i = 1, . . . , n. This is an affine fibration of rank a(A). 

Let i : Spec/c — > 5 be the distinguished point that corresponds to 7^ = © ... © C Put 
IJ'loc = {fJ's)loc ° i^loc o 'Hloc- We will use Lemma |2| under the following form. 

Lemma 3. For any v € A^^ we have canonically 



Moreover, this isomorphism is obtained by applying the functor RFc to the composition of the 
canonical maps 
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Proof As is easy to see, if z^* 7^ A then the fibre i*{A^ (X) fJ'ioc^tp) placed in (usual) degrees 
strictly less then 2(A, p). For = X this fibre equals 

Q,[-2(A,p)](-(A,p)) 

Since the closure of Qr^ (Ln) in Gf'^'^{Ln) is the union of strata Qr'^{Ln) with v < A*, our 
assertion follows from Lemma ^ combined with the geometric statement due to B.C.Ngo (cf. 
Lemma 5.2, p. 14): 

i) SnGr^iLn) = for < A* 

ii) S n Qr^{Ln) is the point Spec A; ^ S for v = \^ 

□ 

Remark 2. The shift in degree and the twist is calculated using the following two formulas. For 
any weight v of GL(n) we have a{v) — a{v^) = 2{v,p) and 2a{y) — 2{v,p) = d{n — 1), where 

3.3 Proof of Proposition || 

We return to our notation in the global case (as in Sect. 3.1). 

Step 1. Denote by W'^ the scheme of collections: {Di, . . . , Z)„) G X^, a digram 

Li C . . . C Ln 

U U (8) 

7^l c . . . c 7^„, 

where Lj = $7"'^-'^(L'i) © ... © r2"~*(Dj) for i = 1, . . . ,n, and (7^j) is a complete flag of vector 
subbundles on an n-bundle TZn such that the natural map 

induces an isomorphism TZi /TZi-i^Q"'~^ . We have a map r/ : over X„ given by 

= U/TZi 

for 2 = 1,... ,n. This is an affine fibration of rank a(A), so that r/iQ^^Q^(— a(A))[— 2a(A)]. Put 
f = T orj. We will replace the functor t\{-) by 

f!r/*(.)(a(A))[2a(A)] 

The advantage is that f is representable whence r is not. 

The morphism f : ^ admits a canonical section ^ : ^ defined by 

TZi = © ... © VL""-' 
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for i = 1, . . . ,n. Notice that ^ is a closed immersion. The foUowing digram commutes 

i/3w T« /id 

Besides, the composition 

is the zero map. Now applying the functor fi to the canonical morphism 
we get a map 

T! (/3^v>Ci /^V^/:^) - il/:i(a(A))[2a(A)] (9) 
Define (|^) as the composition of with the canonical map 

Now we check that @) is an isomorphism fibre by fibre. 

Step 2. Fix a fc-point (Di,... of X^. Let A = T^x^i,^ 

X. So, the corresponding 
A~-valued divisor on X associates to x ^ X the anti-dominant weight 

Ax = (Ai,x, • • • , An,xO e J^n,d^ 

with 4. = Xi^x- 

For i = 1, . . . , n put Lj = ^^""^(Di) ... © r2"'"*(A)- For every closed point x G X let 

((Li)x C ... C (L„)x) 

be the restriction of the flag (Li C . . . C to Spec Ox,x- 

Let ^r'^'""'~((L„)2;) denote the moduli scheme of sublattices TZ C {Ln)x such that 

dim((L„)a;/7e) = dx 

By C Qt'^'^''^ {{Ln)x) we will denote the locally closed subscheme whose set of fc-points consists 
of sublattices IZ C {Ln)x with the following property. Let IZi = T^fl {Li)x- The condition is that 
the image of the natural inclusion 

n^/Ui^i ^ {Li)x/{Li^i)x^{^''-\\i,x x))x 
is the sublattice f2^~* C (ri"^*(Aj,a; x))x for i = 1, . . . ,n. 
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For every x € X one defines the stack W^, the scheme S^. with morphisms 

which are local counterparts of the corresponding stacks and morphisms for the weight A^;. So, 
after the base change {Di, . . . ,Dn) : Spec/c X^, the diagram 

becomes 

xex xex x<^x 
the morphisms being the product of morphisms ijx and respectively. The restriction of 
fis '■ ^ to rixex ^x is the sum of morphisms {fj.s)x- 

For u G A^^ the perverse sheaf Au considered as a sheaf on Qr'^'^'^ {{Ln)x) will be denoted 
(cf. Sect.' "3.2). 

From (Q, Proposition 3.1 and Lemma 4.2) it follows that the restriction of r]*P^C'^ to 
Tlx£X is identified with ^^exFx, where is the restriction of 

u Z 

under the inclusion Sx > Gr'^'''~^{iLn)x) (the sum being taken over v € A^^^). 

Now combining Lemma ^ with (Theorem 3.3.8, [|lO|), we get the desired assertion. This 
concludes the proof of Proposition || □. 

4 Geometric Whittaker models for GL(n) 

4.1 The stack 

Consider the stack n-^d defined in Sect. 2.3. We impose Pliicker's relations on a point (L, (tj)) 
oi n'^d, which mean that generically (tj) come from a complete flag of vector subbundles of L. 
Our definition is justified by the following simple observation. 

Let y be a vector space of dimension n (over any field). For n > /c > i > 1 let ak,i '■ 
A^'V A^'^^V (8) A*~^F be the contraction map that sends u {vi A V2 A . . . A Vi) to 

i 

^(-l)-' (n A Vj) {vi A . . . A Vj A . . . A Vi) 

Lemma 4. Given nonzero elements G A'F for 1 < i < n, the following are equivalent: 

1 ) There exists a complete flag of vector subspaces = Vq C Vi C . . . C Vn = V such that 
ti G A% C A'V, 

2) For n > k > i > 1 we have ak,i{tk ® ti) = 0. 
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Proof The statement is obvious in characteristic zero. Let us give an argument that holds in 
any characteristic. Write ei A . . . A for the image of ei (g) . . . (g) Cj under F®' — > A^V. 

We construct by induction on k the elements ei, . . . , & V such that tj = ei A . . . A Cj for 
i = 1, . . . , fe. Let ei = ii, and assume that ei, . . . , efc_i are already constructed. 

To construct e^, we show by induction on i that tk = ei A. . .AeiAcok-i for some a;^-^ G a'^^'F, 
and define Cfc as uji. 

First, since afc,i(tfc (8)ti) = — tfc A ei = 0, we get = ei Acj^-i for some uJk-i € a'^^-'^F. Now 
assume that = ei A . . . A ej_i A cok-i+i for some a;jt_j_|_i € a^~'^~^^V with i < k. Then 

afe,i(ife (8) tj) = Q;fe,j(tfe (8) (ei A ... A e^)) = (-l)*(tjfc A Cj) (g) (ei A . . . A ej_i) = 

It follows that tk Aei = 0. So, there exists cok-i G A*^~*F such that = ei A . . . A Cj A a;fe_j. We 
are done. □ 

Now we define the closed substack ^ n^d by the conditions ak^i{tk U) =0 for 
n > k > i > 1, where 

ak,i : a'^L ® A^L ^ a'^+^L A*-^L 

are the contraction maps defined as above. Then the map ip factors through nQd — ^ n3^d "-^ n'^d- 
We stratify „3^d by locally closed substacks Vp C nVd numbered by A G A^^ ^. The stratum 
Vp is defined by the condition: the degree of the divisor of zeros 

equals Ai + ... + A^ for i = 1, . . . ,n. Recall that a point of Xp is a collection of divisors 
{Di, . . . , Dn) on X with deg(Z)i) = Aj and Di + ... + Di > for all i. So, the stack V^ classifies 
collections: 

(0 = 4 C L; C . . . C = L, (si), (A) G X^), (10) 
where (LQ is a complete flag of subbundles on a rank n vector bundle L and 

Si : n("-i)+-+("-^)(A + . . . + A)^ L'i 

is an isomorphism. 

Define the closed substack V"^ ^ Vp as Vp x^^a X"^. So, if A ^ A„ then V"^ is empty. 
Notice that the projection Vp x^y^ nQd ^ factors through V^ ^ Vp, and for A G An,d the 
corresponding morphism Vp x^^;^ nQd = ^n^d nQd ^ is an affine fibration of rank a(A). 

4.2 The sheaves n'P'E ^ 

Definition 2. For any smooth Q^-sheaf E on X put ^PI; ^ = (p\{n^E ip)- 

Clearly, the restriction of ^ to a stratum Vp of nyd vanishes outside the closed substack 
V-^ of Vp. For A G A„_d denote by n^^,^ the restriction of n^^l,^ to V-*^. 
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Define the closed substack V_ ^ V as V Xj^x X^. Recall that the subscheme X_ of X-^ 
is given by the condition < Di < . . . < D„ , where (Di) € X'^. Let fix : be the map 

that at the level of fc-points sends ( p!o[ ) to the sum of n — 1 classes in 

A;^Exti(l^"^^'i(A),f^"^'(A)) 
corresponding to the pull-backs of the successive extensions 

with respect to the inclusion ^}'^^^^^{Di) ^ Q"^^^^^ (DiJ^i) . 

Proposition 2. Let E be a smooth Qi-sheaf on X of rank m and A G A„^rf. Then 

1 ) uPe iP vanishes unless 

Ai = . . . = Xn-m = (*) 

2) Under the condition {*) the complex u'Pe ^ supported at V'^, its restriction to is 
isomorphic to the tensor product of 

with the inverse image of under Vh- — > X^ . 

Remark 3. i) The sheaf ^ was also considered by Frenkel, Gaitsgory and Vilonen (Q, 4.3). 
They show that for any smooth Q^-sheaf E on X, u'Pe ^/j is a perverse sheaf and the Goresky- 
MacPherson extension of its restriction to any nonempty open substack of n3^d- Besides, the 
Verdier dual of u'Pe ip canonically isomorphic to u'Pe* ^-i (4-6) 4.7, loc.cit.). We notice that 
the stratification of „3^rf used in (4.10, loc.cit.) is different from ours, so that our Proposition ^ 
is a strengthened version of (4.13, loc.cit.). 

According to (|^, in the case rki? = n the perverse sheaf riPE ^ can be thought of as a 
geometric counterpart of the Whittaker function canonically attached to E. 

ii) For m > let ^3^^ C nJ^d denote the open substack given by the conditions: the image of ti 
is a line subbundle in A*L for i = 1, . . . ,n — m. In particular, = n.yd for m> n. Then 1) 
of Proposition |2| claims that n'P'^ ^ is the extension by zero of its restriction to C „3^d. 

iii) The relation between the sheaves h'Pe foi' different n is as follows. Let ™Qd be the preimage 
of under (p : nQd ^ nJ^d- So, ^Qd is the open substack of nQd parametrizing collections 
(^ such that L/Ln-m is locally free. 

Denote by ^£xt the stack of collections (Li C . . . C Ln-m+i C L, (sj)), where L/Ln^m is a 
vector bundle on X of rank m, and Si : r2"~*^Li/Lj_i is an isomorphism (i = 1, . . . ,n — m + l). 
Let /i™ : '^Sxt be the composition ^£xt — > n-m+iQo A^, where the first arrow is the 

map that forgets L. 
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Let jn-M. be the stack of pairs ^ L), where L is a vector bundle on X of rank m. 

Taking the quotient by Lu-m, we get a map '^Ext — mM., which is a generahzed affine fibration. 
For 1 < m < n there is a commutative diagram 

^ mydXrr.M'^'Sxt; 

where the left vertical arrow is the restriction of ip. So, the restriction of u'Pe ^o is 
isomorphic to 

4.3 The support of u'Pe t/j 

In this subsection we prove the next lemma. 

Lemma 5. The complex tiPe tp vanishes outside the closed substack V^. 

This may be derived from the geometric Casselman-Shalika formulae, but we will give a 
direct proof. We start with the following sublemma. Given A G A~ and G A„ , denote by 
the stack of collections: {Di, . . . , Dn) G , {D[, . . . , D!^) G X" , a diagram 

L[ C...C 

U U (11) 

Li C . . . C Ln, 

where (Lj) (resp., (L^) is a complete flag of vector subbundles on a rank n vector bundle Lji 
(resp., L^) on X with trivializations 

such that the image of the inclusion Li/Li^i ^ L^/L^_j^^Q"~*(Dj + D'-) equals for 
i = 1, . . . ,n. Let 

ifl : Ul ^ {X^ X X^) x^A+. V^+'^ 

be the map that forgets the flag {Li). Here X^ x X'^ — > X^''"'' denotes the summation of divisors. 

The map C/?^ is an affinc fibration of rank a{u). 

Let Xx i, ^ X^ X be the closed subscheme defined by 

A > A-i + i^i-i 

for ? = 2, . . . , n. The composition X^,,, X^ x X"" ^ X^^"" factors through ^ 

We also have a map Z^^j^ ^ V:^ that forgets (L^) and (-D^). By abuse of notation, the 
composition of this map with ij,\:V^ ^ A} will also be denoted 
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Sublemma 1. The complex {ip'0\ji^£,^ is supported at the closed substack Xx^u x v-a+i^ of 
{X^ X X'^) Xjj^A+i. V'^^'^ , and is isomorphic to the inverse image of 

lA+u C^[-2a{v)]{-a{v)) 

from V^+''. 

Proof Let us decompose Lp'{ into two affine fibrations ^ l^x ^ i^- ^ ■^'') ^x>'+" V^^" 
defined as follows. Let be the stack of collections: 

. (A) G X^ , {D[) G X- 

• a complete flag of vector bundles {L'-^ C . . . C L^) on X with trivializations 

L'jL[_,^n--\D, + D',) (12) 

for i = 1, . . . , n 

• for 2 = 1,... , n — 1 diagrams 

u u u 

0^ r?"-'(A) ^ ^ J7"-^-i(A+i) ^0, 

where each row is an exact sequence of Ox-niodules, and both left and right vectical arrows 
are compatible with (p!^). 

Now define the morphism lA^ by = Lj+i/Lj_i for i = 1, . . . , n — 1, where Lj are from 

diagram (^) . One checks that this is an affine fibration of rank 

(n - 2)ui + (n - 3)u2 + . . . + 1^,1-2 

Define also (^^ as the map that forgets all Fi. This is an affine fibration of rank z^i + . . . + i^n-i- 
Clearly, ^x'-^\ —* is constant along the fibres oiW^ — > IC^. So, it suffices to prove the 

sublemma in the case n = 2. 

In this case a fibre of 99^ is the affine space of maps ^ : L2/L1 L'2/Li such that the diagram 

commutes 

^ L[/Li L'2/Li ^ L'2/L'i ^ 

u 
L2/LI , 

where i is the canonical inclusion compatible with trivializations. On this affine space we have 
a free and transitive action of Hom(L2/-^ii L'-y/Li). The restriction of /i^>C^ to this affine space 
is a sheaf that changes under the action of Hom(L2/Li, -L'l/Li) by a local system, say fl*£.^, 
where 

p, : }iom.{L2/Li, L'l/Li) — > k 
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is the following linear functional. It associates to s G Hom(L2/i^i, L'^/Li) the class of the 
pull-back of 

^ Li ^ L; ^ L;/Li ^ (13) 
under the composition 0{Di) ^ 0{D2)^L2/ Li L[/Li. The sequence ( |l^ ) is just 

^ n{Di) n{Di + D[) n{Di + D[)/n{Di) o 

So, /i = if and only if D2 > Di + D[. Besides, under this condition the pull-back of 

0^L[^ 4 ^ L'JL[ ^ 

under 0{Di + D[) ^ 0(L>2 + D'^y^L'^/ L'^ is identified (after tensoring by 0{-D[)) with the 
pull back of 

^ Li ^ L2 ^ L2/L1 ^ 
under 0(Di) ^ 0(1)2)— ^^2/^1- Our assertion follows. □ 

For m > and v E Am,d denote by J-l'^ the stack of flags {F^ C . . . C -F™), where -F* is a 

coherent torsion sheaf on X with deg(-F*/F*~"^) = v-i for z = 1, . . . ,m. Let div*^ : .F/'^ — > 
denote the composition 

Ti^ ^ sh;^i X ... X sh;^™ 

Set also = Xgj^d J^^'', where J^/^ ^ Sh^ sends (F^ C . . . C F"^) to F™. 

Denote by ^Jd the set of n x m-matrices e = (e^) (1 < "i < n, 1 < j < m) with € Z+, 
X^i j ~ have a map : ™Jrf — > A^^^ x hjn^d that sends e to (A, v), where A, = Ylj ^\ 

and Vj = e\. For e S ™Jd put 1"*^ = X'^^'i\ So, classifies matrices of effective divisors 
iPl) on X such that deg(F»^') = e\. 

For every A G A^^^ the stack V''* ^^y^ nQ^ is stratified by locally closed substacks ^ 
V'^ x.jj'd riQ^ indexed by e E ™ such that h{e) = (A, v). The stratum Q*^ is the stack classifying 
collections: 

• a diagram 



U 

7- m—1 
^1 

u 


c 
c 


T m 

u 

7- m—1 

u 


C . . 

c . . 


. c 
. c 


T m 

u 

T m—1 
U 




c 


^2 


c . . 


. c 


ro 



(14) 



where L\ is a vector bundle of rank i on X, and all the maps are inclusions of Ox -modules 
• a matrix {D^) G 
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• isomorphisms L™/L™ ^^il" ^{Dj + . . . + D"^) such that the image of the inclusion 

Ll/Ll, ^ Lr/LT^,^n--\D} + . . . + Z^D 

equals n^'-'iDj + . . . + oj) (i = 1, . . . , n; j = 0,... ,m) 
We have a natural map 

. ge ^ ye yX 

that forgets all the rows in ( p!4[ ) except the top one. (Here — > sends [Dj) to (Z?j) with 
Di = Dj). The morphism 99*^ is an affine fibration of rank a (A). 
Denote by ^ Y^ the closed subscheme given by the conditions: 

1') for i < n — j we have = 

2') for 1 < j < m - 1 and 2 < i < n we have Dj + . . . + d{ > Dl_^ + . . . + D^^l 

The composition Q!^ ^ nQ^ ^ nQd will be denoted by //g- 

Sublemma 2. T/ie copmlex {if^)\^*^C^ is supported at Y^ x^a V:^ ^ Xj^a V'^ and is iso- 
morphic to the inverse image of 

^ilC^{-a{\))[-2a{\)] 

from V^. 

Proof Apply Sublemma |l] m times forgetting successively the rows in diagram (^) starting 
from the lowest one and moving up. □ 

Proof of Lemma |^ 

Since £^ is a direct summand of the Springer sheaf 5pr^ (cf. Sect. ||), it suffices to show that 
the restriction of 

to V"^ vanishes outside V^. Put = (1, . . . , 1) € h.d^d- The composition ^ A A-^ will 
also be denoted by /i. By the projection formulae, we have to consider the direct image with 
respect to the projection 

V^^.y^nQ" ^V^ (15) 

of pr2/i*£^ tensored by some local system that comes from X" . The stack ^n^d nQ^ is 
stratified by locally closed substacks indexed by e G "^Jd such that h{e) = (A, i/). The 
restriction of (|l5|) to can be decomposed as 

^ ye ^ j^v ^ ^^^^ ^ 

So, our assertion follows from Sublemma ^, because the composition Y^ ^ Y"^ ^ X'^ factors 
through X^^ X^. □ 
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Remark 4- Using Sublemma ^, one may also check that for any ^ ^ smooth 
Qr sheaf E onX, [A„] is a perverse sheaf on X_ . 

4.4 Proof of Proposition |^ 

Recall that V:^ ^nVd nQd is the stack classifying collections: (Di, . . . ,-Dn) G > a diagram 

L[ C...C 

U U (16) 

Li C . . . C Ln, 

where (L^) (resp., (Li)) is a complete flag of vector subbundles on a rank n vector bundle L'^ 
(resp., Ln) on X with trivializations 

such that the image of the natural inclusion Li/Li^i ^ L'-/L'-_^^QJ^~'^{Di) equals 17"^* for 
i = \, . . . ,n. Denote by 

the morphism over , whose composition with the projection x^^a sends (^) to 

the flag {L[/Li C L2/L2 C . . . C L'^/Ln). One checks that rj is a (representable) affine fibration 
of rank a(A). Further, the composition 

x^y, r.Qd ^ x^. ^'4'^ x^. Ai X Ai Ai 

coincides with the restriction of /i : „Q(i ^ A^ to the substack ^„yd nQd ^ nQd- So, our 
assertion follows from Proposition |^. □ 



5 Proof of Theorem \K 



Recall the map (p '■ n^d X^'^^ (cf. Sect. 2.3). By abuse of notation, its restriction to 
„3^rf ^ is also denoted <j). We let 

vr : nyd X„A4, nVd ^ X^^') Xp.^.^ 

be the morphism (p x (p. By vf' we will denote the restriction of tt to the diagonal nyd ^ 
nyd x„A4d -r^yd- Clearly, Theorem ^ is equivalent to the fact that the natural map 

is an isomorphism. For A, € A„^ we denote by tt^''^ the restriction of tt to the substack 



^nMd nyd X„A4d nyd 

In the case A = 1/ we write (vf'^''^)' for the restriction of tt'^''*' to the diagonal V'*' ^ V'^ ^nMd 

Using the stratification of ^nMd nyd induced by both stratifications of the first and the 
second multiple (cf. Sect. 4.1), Theorem ^ is reduced to the following statement. 
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Proposition 3. For any \,v ^ Kn^d the direct image (vr'^''^)!(n'P^ ^ ^ "^b' ^-i) vanishes unless 
\ = V. Under the condition X = v the natural map 

is an isomorphism. 

Proof Put Vi = x„;k^ V"1. The restriction of tt^^'' to Vi can be decomposed as 

wliere ^vr is the product of two projections and X'^. In the case \ = u we 

denote by diag : V:^ Vi the diagonal map. 

By Proposition ^, our assertion is reduced to the next lemma. 

Lemma 6. For any A, € A^^ the direct image ^TT\{fj,*^C^ M /i*£^-i) vanishes unless X = v. 
Under the condition \ = v the natural map 

^■n\{^ilC^ M iilC^-i) V!(diag)=,(diag)*(;u^£^ M ulC^-i) 

is an isomorphism. 

We need the next straightforward sublemma. Given a divisor D and a coherent sheaf M on 
X with a section 0{D) M, denote by £xtM,D the stack classifying extensions of Ox-modules 
Q{D) — >? ^ M — > 0, and by : £xtM,D the map that sends this extension to the 

class of its pull-back under s. 

Sublemma 3. //s / then RTc{£xtM,D, l^'l^^) = 0. □ 

Proof of the lemma The stack Vi classifies collections: (Di, . . . , Dn) G X^, {D[, . . . , D'^) E X'^, 
two flags {Li C . . . C Ln = L) and {L[ C . . . C = L) of subbundles on a rank n vector 
bundle L on X with trivializations 

Si : n^-\D,)^LjLi^i and s'^ : fi^-^I^D^ii/^^-i 

for i = 1, . . . ,n such that (Li, si) and (L'^, s'l) coincide (in particular, we have Di = D[). 
Let Vi ^ Vi be the closed substack defined by the condition: the flags 

{Li C ... C Li, (sj)j=i,...,j) and {L[ C . . . C L[ , (4)i=i,... ,i) 
coincide. Let '^C^ be the restriction of n\C^ Kl fi*C^,~i under Vj ^ Vi. Let also 

V : Vj — > X^ ^pic'^x 

be the restriction of ^vr to Vj. Arguing by induction, we will show that for every i = 1, . . . , n — 1 
the natural map 

C7r),C£^)^C+V),C+i£^) 
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is an isomorphism. 

To do so, denote by Mi the stack of collections: (Di, . . . , Dn) G X^, {D[,... , D'^) G X^, 
two flags (Mj+i C . . . C Mn = M) and (M-_^^ C . . . C = M) of subbundles on a rank n - z 
vector bundle M on X with trivializations 

Sj : Q''~^{Dj)^Mj/Mj^i and s'j : n"^'^ {D'j)^M'j/M'j_^ 

for j = i + 1, . . . , n. Let also 'Mi ^ A/i be the closed substack defined by the condition: 

{Mi+i,Si+i) and (M/+i,s-+i) 

coincide. Taking the quotient by Li = L'^, we get a morphism 7 : Vj ^ A/i , which is a generalized 
affine fibration. Further, we have a commutative diagram 

V.+i ^ Vi 

Mi ^ Mi ^ xpic^x^-- 

where the square is cartesian. Applying Sublemma^ for the section Sj+i — s'^^i : — > 
M, one checks that the complex ^\(^C^) is supported at 'A/i, and our assertion follows. □ 

□ (Proposition |3|) 

This concludes the proof of Theorem 

6 Proof of Theorems ^ and |C] 

6.1 Plan of the proof 

Proposition ^ admits the following corolary. 

Corolary 1. For any smooth Q^-sheaves E,E' on X the complex 

is a sheaf on X^'^^ placed in degree zero. It has a canonical filtration by constructable subsheaves 
such that 

gr = e^g^+ TT^iE"^ E'^) 

71. a 

For each r <n there is a canonical inclusion ^/ C e' compatible with filtrations. 

Proof By the projection formulae, nS^ e'~^ ^^-^^Pe tp uPe' ^-i){—d)[—2d]. Calculate this 
direct image with respect to the stratification of by locally closed substacks Vp indexed by 
A G ^ (cf. Sect. 4.1). Since the natural map X^ is a generalized affine fibration of rank 

b — d — 2a(A), our first assertion follows from Proposition 
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Recall that we have open substacks J^J^^ C „3^d for r < n (cf. iii) of Remark Sect. 4.2). 
Let -'■(/) be the restriction of <j) to l^yd- By loc.cit, -'"</'! (nT'l; ,^ „P|;, ^-i)(-d)[-2d]^r5^,£;/- 
Our second assertion follows. □ 

This reduces our proof of Theorem ^ to the following steps. For v € Am,d , i^' G ^m',d and 
c =^ (i/, I/') set F'^ = x^(d) X'^'. Recah our notation ^Q" = ^Q^ x^^d Tl" (cf. Sect. 4.3). Let 

r : nQ'^ X„y^ r.Q"' - 

d ^ d ^' 

denote the composition nO!^ ^nVd nQ" ~^ ^^'^ ^xW -^^^ ~^ The morphism /'^ is of 

finite type. Let also "/'^ be the restriction of to the closed substack 

First step is as follows. 

Proposition 4. The morphism is of relative dimension <b — d, and the natural map of the 
highest cohomology sheaves 

r2(^-^) (/'=), M fi*C^-i) ^ R2(^-'^)("r),Q, 

is an isomorphism. 

Further, set W = x^^a n"' . Let div'^ : ^ V be the map div'^ x div'^' . Set 
<"Tyc ^ ^,c ^^^^ <"Sh;j. Let also ^"div'^ denote the restriction of div^ to ^"VF^ C W. 

The morphism "'f^ is decomposed as nQ'^ ^nQd nQ^ ^"-W^ V^, where (3^ is the 

natural projection. Second step is the next lemma. 

Lemma 7. i) f3^ is smooth and surjective with connected fibres of dimension b. 
a) dW^ is of relative dimension < —d, so that 

R2(^-'^)("r)!Q^(6 - (i)^R-2'i(<"div=)iQK-d) 
Now assume c = {y, u) with = (1, . . . , 1) S ^d,d- Let nS% ^, denote the direct image under 

R'^'-''Hf')i{fi*c^mfi*c^-i){b-d) 

tensored by the local system {E^'^) m {E'^'^) on V. The group Sd X Sd acts naturally on „iSp p, . 
By Corolary |l|, e' sheaf of Sd x S'^-invariants of e' ■ 

Combining Lemma and Proposition we learn that the complex (-"div)!(5pr^ ^ Spr'^,) 
is placed in degrees < —2d, and there is a canonical Sd x Sf^-equivariant isomorphism 

„5|;_e,^R-2'^(^"div)i(5p4 ® Spr%,)(-d) 
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Thus, Theorem ^ is reduced to Theorem 
6.2 The stack {Z^ 

For < 2 < n denote by iQd the stack classifying collections 

(0 = LoCLiC...CL, CF, (s,)), (17) 

where F € Shj, (Lj) is a complete flag of vector subbundles on a rank i vector bundle Lj, 
deg(F/Lj) = d, and Sj : Q'^~^^Lj/ Lj^i is an isomorphism (j = 1, . . . 

We have the open substack iQd C iQd given by the condition: F is locally free. We also 
have a map iQ^ Shj that sends ( p!7[ ) to F. Define a substack 

i^d iQd XShi iQd 

as follows. If /S is a scheme then an object 

(18) 

of Hom(5, i Qd X i Qd) lies in Hom(5, iZd) if the collections (Lj , Sj ) and {L'j , s'j ) coincide outside 
a closed subscheme of x X finite over S. 

Lemma 8. The map iZd ^ iQd Xsh^ iQd is a closed immersion. In particular, the stack iZd is 
algebraic. 

Proof An object (p^ of Hom(5, jQ^ Xshj iQd) gives rise to a pair of sections 

tj : A^' Lj ^ A^F 

and 

t'j : A-'' L^- ^ A^F 

Clearly, (|l8|) lies in Hom(S', iZd) if and only if the support of tj — t'- is a closed subscheme of 
S yi X finite over S (for all j = 1, . . . , i). 

Since F is S-flat, F (as well as its exterior powers) is locally free outside some closed sub- 
scheme of 5 X X finite over S. So, our assertion is a consequence of the following sublemma, 
communicated to the author by V.Drinfeld. 

Sublemma 4^.1) Let F he any coherent sheaf on S x X , which is locally free outside a closed 
subscheme of S x X finite over S. Let s be a global section of F. Consider the following sub- 
functor Z of S (on the category of S-schemes): a morphism S' —> S belongs to Z(S') if the 
pull-back of s to S' x X vanishes outside a closed subscheme of S' x X finite over S' . Then the 
subfunctor Z is closed. 

2) Suppose in addition that F is locally free. Then S' ^ S belongs to Z{S') if and only if the 
pull-back of s to S' x X vanishes. 
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Proof li r : S X X ^ S X ¥ is a finite morphism over S then the functor Z does not change if 
we replace {X,F,s) by {F^ ,r:^F,r^s). After localizing with respect to S we may assume that S 
is affine and there is r as above with r^^F locally free over S x A^. (Recall that if S is noetherian 
then any finite morphism 5 x X — > 5 x over S is flat (cf. SGAl, IV. 5.9)). So, we are reduced 
to the case X = with F locally free over S X A . 

If S = Speci? then we have the projective i?[t]-module M = li^{S xA^,F) and its element s. 
Represent M as a direct summand of a free i?[t]-module M' . Clearly, M' is also a free i?-module. 
If Sj G i? are the coordinates of s € M' (over R) then Z is the closed subscheme of S defined by 
the equations Sj = 0. □ 
□ (Lemma ^ 

We have an open substack C iZ^ given by the condition: F is locally free. In particular, 
by 2) of Sublemma n^^d = nQd ^^nVd nQd- Besides, if (|l^) is a point of n2^d then the sections 

j^(n-l)+...+(n-n)~^g^^^ ^ p 

and 

j^(n-l)+...+(n-n)~^g^^/^ ^ p 

coincide, where det : Sh„ — > PicX denotes the determinant map (cf. |^). This yields a map 
/ : n^^d — * ^^'^^ whose restriction to n^d coincides with /. We will see that / is of relative 
dimension < b — d, but not of finite type (the stack n2^d even has infinitely many irreducible 
components). 

For k = 0, . . . , i we have a closed substack ^Z^ ^ iZ^ given by the condition: for a point 
(|lD of iZd the flags 

(0 = Lo C . . . C Lk, (sj)j=i,...,fc) 

and 

(0 = L'oC...c4,(4)j=i---'^) 

coincide. Notice that taking the quotient by = L'j., one gets a map ^Z^ — > i_f^Zd, which is a 
generalized affine fibration. This observation will be a key point in the proof of Proposition ^. 

6.3 Dimensions counting 
Proof of Lemma |^ 

i) The map jS^ is obtained by base change from the map /? : nQd — Shg, which is surjective 
and extends to a generalized affine fibration nQd ^ Shg that sends ( [T7| ) to F/Ln- 

ii) We stratify by locally closed substacks W ^ indexed by e G m '^d with h{e) = {u, u'). 
A point 

(F^C...CF" = F, (Fi)'c...C(F™')' = -?^) (19) 

of W hes in W if 

deg(F/) = ^ e{ for l<i< m, I < j < m 
k<i, l<j 
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where = n {F^)' . If (|TD is a point of W then for 1 < i < m, 1 < j < m' define F/ G Sho 
from the cocartesian square 

T T 



and put G{ = F^/F^. Set also 



The map 

lie _^ yye ^^^^^ gg^^jg Q ^.^ ^.j^g collection (G^) is a generalized afRne fibration of 
rank zero. We have a map — s- that sends to the collection (divG^), and define 
div^ : ^ as the composition — > Y'^. Since for any z > the morphism 
div : Shg X^''^ is of relative dimension < —i, our assertion follows. □ 



Define the stack iZ'^ by the cartesian square 



i 



i 

Shg X^(d) Shg, 



where the right vertical arrow sends (18) to {F/Li ^F/L'^). Let iZ'^ C iZ'^ denote the preimage 
of iZd under iZ^ —>■ iZ^. In particular, we have nZ'^ = nO^ ^„yd nQ^ ■ Let 



r 



J^l'^' V^. The restriction of /'^ to nZ'^ 



denote the composition nZ'^ Tl^ >^xW 
coincides with f^. Notice that is locally of finite type, but not of finite type in general. 

Lemma 9. The map is of relative dimension <b — d. 

Proof 

Step 1. The stack nQ'^ ^n^d nQ'^ is stratified by locally closed substacks x^^^^ indexed 
by pairs e G ^Jd^e' G Jd such that there exists A G An^d with h{e) = (A, i^), h{e') = (A,i/'). 
(cf. Sect. 4.3). 

The restriction of f^ : — > to a stratum ^n^d is written as the composition 



Since (/j^ : ^ Y'^ Xj^a V'*' is an affine fibration of rank a(A), and V'^ — > is a generalized 
affine fibration of rank b — d — 2a(A), it follows that /'^ is of relative dimension <b — d. 

Step 2. Stratify Sh„ by fixing the degree of the maximal torsion subsheaf of F G Sh„. Consider 
the induced stratification of nZ'^- A stratum C nZ'^ classifies data: a point (|T^ ) of nZd, two 
flags of subsheaves 



(L„,CLi C...CL- = F) 



(20) 
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and 

(L;c(i^)'c...C(L™')' = F), (21) 

and an exact sequence O^Fo^-F^M^Oof Ox-modules, where Fq € SIiq and M is a 
vector bundle on X of rank i. 

The preimages of flags ( pOD and (^Tj) in Fq give rise to a point of J^l^ ^sh^ some 

A € Am^fc, A' E A^/ fc. This yields a stratification of by locally closed substacks y ^ nZ^. 
indexed by pairs A G A^ fc, A' E A^/^fc. 

For an object of nZ\ y the vector bundle M together with the images of the corresponding 
flags on F defines a point of nQ^^^ '^nVd-k nQ!^'~^' ■ The natural forgetful map 

r^Zly - (^/^ xg,. Tl"^) X UQ'^-^ x„,.,_, „Q^'-^') 

is a generalized affine fibration of rank nk. Recall that h = b{n, d) depends on n and d (cf. 
Sect. 2.2). By Step 1, 

is of relative dimension < 6(n, d — k) — (d — k) = b{n, d) — d — nk + k. By ii) of Lemma 

Xgj^fe J- 1 — > X Xj^(fc) X 
is of relative dimension < —k. Our assertion follows. □ 
6.4 Proof of Proposition [J 

Let ^Zj; be the preimage of iZ^ under ^Z^ ^ iZ^. For A; = 0, . . . , i define the stacks ^Z'^ C ^Z'^ 
by the cartesian squares 

Denote by *>C^ the restriction of n*C^ Kl ^* C^-i under the composition 

nZ^ ^ nZ^ nZd^nQd X^^d nQd 

Let also be the restriction of to ^^"^ n^'^- Arguing by induction, we will show that the 
natural map 

R^^^-'^^'fU'c^) ^ i?2(^-'^)f+v^),(^+i/:^) 

is an isomorphism for i = 1, . . . , n — 1. 

The map I }^ Q^; — > extends naturally to a morphism jj Q^; — > defined in the same 
way, it will also be denoted by /i. This allows to extend *>C^ to a local system ^C^ on \Z'^, where 
^C^ is defined as the retsriction of ^* M fi*C^-i under the composition 



n 



Z^ nZ^ —>■ nZd ^ nQd XShj nQd 
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We have the diagram 

j+l crc J i -7c i -7c 

in which the square is cartesian, and 7 is a generahzed afHne fibration of rank b{n, d) — b{n — i, d). 
Since 5 is an open immersion, 

is an isomorphism over the image of (the smooth map) f3. Applying Sublemma^for M = F/Li, 
D = 0, and the section Sj+i — s[^-^ : Q^^'^^^ M, we learn that R^°Pj\X^C^) is supported at 
Therefore, 

R*°P/3,C/:^) ^R*"fa,C+^/:^) 

is an isomorphism. So, '^f'^ is decomposed as liZ'^ n-i^*^ where, by Lemma the 

second map is of relative dimension < b{n — i,d) — d. Though n-i^^ is not of finite type 

in general, its restriction to the image of /3 is a morphism of finite type. 
This concludes the proof of Proposition |^. 

6.5 Proof of Theorem ^ 

Recall that we have the map h -.^ Jd ^m,d x ^m',d, and for e € Jd we write = fli j X^'^i^ 
(cf. Sect. 4.3). Let 

norm : U — > 
ee/i-i(c) 

be the map that sends a matrix (Dj) S to the collection {{Di), (Dj)), where Di = Dj 
and D'^=Z^Di. 

Lemma 10. i) The scheme is of pure dimension d, its irreducible components are numbered 
by the set h~^{c). Namely, to e £ h^^{c) there corresponds the component uormiY'^). 
a) norm is the normalization of (more precisely, it is a finite morphism, an isomorphism 
over an open dense subscheme ofV^, and the scheme U is smooth). So, 

where IC is the intersection cohomology sheaf on V^. 

Proof Stratify by locally closed subschemes C indexed by e G /i^^(c). First, define 
eV^ as the open subscheme of Y*^ given by the condition: 

iii> k,l> j then Dj n L>i = 
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Then the composition f,V^ ^ is a locally closed immersion. As a subscheme of V^, 

eV^ is given by the condition: 

for all i,j we have deg((^ D^) n D^) = 

k<i l<j k<i, l<j 

For any e E /i^^(c) the scheme is smooth, nonempty and irreducible of dimension d. This 
concludes the proof. □ 

Lemma 11. There is a canonical isomorphism R^'^'^{diY'^)\Qi{—d)^norm^Q£. 

We need the following straightforward sublemma. 

Sublemma 5. i) Let r : Y ^ Y' be a separated morphism of schemes of finite type. Assume 
that the fibres of r are of dimension < d. Let F be a smooth Qi-sheaf onY, U CY be an open 
subscheme, and rjj be the restriction of r to U . Then the natural map ^'^{ri;)\F — > ^'^r\F is 
injective. 

ii) Let {U^)j(zj be a stratification ofY by locally closed subschemes that comes from a filtration 
ofY by closed subschemes. Let r^ be the restriction of r to . Then K'^'^nF admits a filtration 
by subsheaves with successive quotients being R^'^r/i^ {j E J). □ 

Proof of Lemma 11_ 

Recall that is stratified by locally closed substacks indexed by e G h~^{c) and we 

have the maps div^ ■.U'^—)-Y'^ (cf. the proof of Lemma 0). The diagram commutes 

ye yc 

We have R~^'^(div'^)|Q£(— dj^Q^ canonically. Indeed, by Kiinneth formulae, this is reduced to 
the fact that for any i > the fibres of div : Shg X^*) are connected of dimension —i. 

By ii) of Sublemma I, on R-'^'^{div'')\Qi{-d) there is a filtration parametrized by the set 
h^^{c) with successive quotients being {norm'^)^Qi. We claim that any filtration with these 
successive quotients degenerates canonically into a direct sum. Indeed, 

i) the different successive quotients are supported on different irreducible components of V^, 
so our filtration degenerates into a direct sum over some open dense subscheme of V^; 

ii) the sheaf (norm^)^:(j£[d] is perverse, it is the Goresky-MacPherson extension of its restric- 
tion to any open dense subscheme of V^; 

iii) the property "perverse and the Goresky-MacPherson extension of its restriction to a given 
open subscheme of is preserved for extensions. 

□ 
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Finally, assume c = {1^,1^) with = (1, . . . , 1) S ^^d,d- Then the set h ^(c) is in natural 
bijection with S^, and the map norm becomes 

U X^^V', 

cr^Sd 

where = X'^, and norm sends a point {xi, . . . ,Xd) G X^ to {{xi, . . . ,Xd), {xai, ■ ■ ■ ,Xa-d))- 
The action of Sd x Sd on lifts naturally to an action on 

{E^'^ME'^'^)(^norm^Qe, 

and it is easy to see that pr!((E^'^ M E'^'^) norm^Qi)^'^^^'^'^{E (g) £")('^) canonically, where 
pj, . ^ j^{d) (ignotes the projection. On the other hand, by Lemma p] , 

R~2'^div!(5pr^ ® Spr%){-d)'^^i,{{E^'^ ME'^'^)® norm^Qi) 

One checks that this isomorphism is Sd x S^-equi variant. Taking the invariants, one gets 

R-^'^ div,(/:i ® C%){-d)^{E ® E')^^^ 

By i) of Sublemma|5|, the natural map R^^'^(-'"'div^)!Q£ R~'^^{dw^)\Qe is an inclusion. It 
follows that 

R-2'^(^"div)!(5pri ® Spr%,){-d) ^ R-^'^ div, ® Spr%,){-d) (22) 

is an inclusion. Taking the 5"^ x Sj^-invariants in (^2|), one gets an inclusion C {E®E')^'^\ 

whose image is denoted ^""{E ® E')^'^\ Since n and d were arbitrary, Lemma || follows now from 
Corolary |l|, and the proof of Theorem is completed. 

So, Therem ^ and Main Local Theorem are also proved. 
6.6 Second proof of Theorem |^ 

In this section we present an alternative proof of Theorem |^ under the additional assumption: 
minjrki?, rk£"} < n. The idea of this proof was suggested to the author by D. Gaitsgory. 

Let n Modfi denote the stack classifying modifications (L C L') of rank n vector bundles on 
X with deg(L'/L) = d. Let q : „ Mod^ — > Shg be the map that sends (L C V) to L' /L, and 
supp : „ Modrf — > X^'^'> denote divoc;. For d' > let : nyd XBun„ n Mod^/ n3^d+d' be the 
map that sends {{ti),L C L') to {{t'^,L'), where t[ is the composition 

j^(n-l)+...+(n-i) ^^ij^^^ii^' 

The map py is representable and proper. Let c\y : nyd XBun„ nMod^' — > „3^d denote the 
projection. The map qy is smooth of relative dimension nd'. 

The key ingredient is the Hecke property of Whittaker sheaves ([^, 7.5). It admits the 
following immediate corolary (the argument given in loc.cit. for rki? = n holds, in fact, for 
rk^; < n). 
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Proposition 5. For any smooth Qi-sheaf E on X and any d > there is a natural map 
{qy X supp)!p^UP^+;) ^ nVi^ M E{^^)[2 - n], 

which is an isomorphism if rkE < n. □ 

Let „Modrf be the stack of flags (Lq C . . . C La), where (Lj C ii+i) € „ Modi for ah i- Let 
supp : „Modrf —)■ X"^ be the map that sends (Lq C . . . C L^) to (div(Li/Lo), . . . ,dw{Ld/Ld-i)). 
Let p : XBun„ nModrf/ n3^d XBun„ n Modrf/ be the projection, and py : „3^d XBun„ nMod^/ ^ 
nyd+d' be the composition p^; o p. 

Corolary 2. For any smooth Q£-sheaf E on X and any d,d' > there is a natural map 

{qy X S^), p*y{nVp:^) ^ nVi^ M E^'^' {'^^-^)[2d' - nd'], (23) 
which is an isomorphism if rkE < n. 

Proof The map (|^) is defined as follows. Let pg : nQd XBun„ n Mod^/ nQd+d' be the map that 
sends (Li C . . . C L„ C L C L') to (Li C . . . C Ln C L')- Let ^q: nQd XBun„ nMod^' ^ nQd+d' 
denote the composition 

nQd XBun„ nModrf/ ^ nQd XBun„ n Modrf/ ^5 nQd+d', 

where the first arrow is the projection. Consider the commutative diagram 

nQd XBun„ nModrf/ nQd+d' 
n3^d XBun„ nMod,;;/ ^ n3^d+d' 

Since n^E^^ is a direct summand of 

(Ps)!U^|,^KsWi^^'')K](^), 

it follows that „P|;+/ is a direct summand of {py)\{nVE^^ ^ supp*£;^'^')[n(i'](^). This yields 
a morphism 

Since x supp is smooth of relative dimension (i'(n — 1), the desired map is obtained from the 
last one by the adjointness. To show that (|2^ ) is an isomorphism under the condition rki? < n, 
apply d' times Proposition ^. □ 

Denote by C X'^' the open subscheme that parametrizes pairwise different points 

(xi, . . . ,Xd') G X"^ (here 'rss' stands for 'regular semisimple'). Let ^^'^M.odd' be the preimage 
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of ^'^^X'^' under supp. The symmetric group Sd' acts on "^^^yiodd' , and the restriction of to 
n3^d XBun„ ^^'^^odd' is ^rf'-invariant. So, the action of Sd' on „3^^ XBun„ "^^o'^d' lifts to an 
action on 

Since the restriction J^'^^Mod^/ — > ''^^X'^ of supp is S'rf'-equi variant, Sd' acts on the complex 

(qy X s'^:55)ip^(„7'^+/) 

restricted to x '"''^X'^'. On the other hand, Sd' acts on E^'^' and, hence, on the right hand 
side of (^) . Using the exphcit description of the map ( p3[ ) one easily proves the next lemma. 

Lemma 12. For any smooth sheaf E on X the map fH; restricted to „3^rf x ""''X'^' is Sd'- 
equivariant. □ 



Recall that for any smooth Q^-sheaf £^ on X the Verdier dual of uT^e ip is canonically isomor- 

I imi A /\ ^/~» TXYTV^Td n £ii~»T*Om ll-<l ITTi^ Tvmcf ZHQ-f o r\ M C! I 



phic to n'Pi* ^-1 (101) 4.7). So, to prove Theorem ^ we must establish a canonical isomorphism 



0. RnominV^^^ , nV^,^^)^nom{E, E')^''\ 

where (j) '■ X^'^-' is the map defined in Sect. 2.3. The statement of Theorem |^ being 

symmetric with respect to interchanging E and E' , we assume ikE <n. 

For any smooth Q^-sheaf £^ on X set rJ^E ^ — f\iP*<Sp'''E ^ In other words, 

nV'^ ^ is a complex on ^,3^^ obtained by replacing in the definition of „7^^ ^ Laumon's sheaf 
by Springer's sheaf 5pr^. Theorem p| follows now from the next statement. 

Proposition 6. Let E,E' be smooth Q^-sheaves on X with ikE < n. Then there exists a 
canonical Sd-equivariant isomorphism 

RHominV^^^, nVi,^^)^sym,{nom{E,E'f) 

Proof The idea is that Proposition |^ is a tautological consequence of Corolary ^ obtained by 
applying the formalism of six functors. The equivariance property follows from Lemma 12. The 
precise argument is as follows. 

Consider the commutative diagram 

n3^0 XBun„ n Modrf ^ 
/ °iy i qyxsupp J, <i> 

Set for brevity = ^ (it does not depend on E, though does depend on ^). By definition. 



nVi',^ ^ Py*(q^*° ® q*Spr%,)[nd]{- 



2 
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Lemma 13. qy^^ ® q*Spr'^, KTCo'm{q*Spr'^,*, q^^^) canonically and Sd-equivariantly. 
Proof Using the fact that both qy and c\y o p are smooth of relative dimension nd, we get 

q*y^^ q*Spr%, ^ pi{^* E' p*q*y'^'^)^ p* miom{s^\E'*f^, P*q^^°)^ 

p^miom{S^\E''*)^'^ , p-([y^\-2nd]{-nd)) ^ R7^om(p,SS^*(^'*)^'^, q^^-^) □ 

Using the above lemma, we get 



Rnom{nP%^^, nV%,^^) ^ py* RWom(p^(„n,^), ® Spr%,)[nd]{ 



nd^ 
~2' 



^ Py,Rnom{p*y{nrl;^^) q*Spr%„, q!;^-0)[-nd](^) 

Let j : nQo ^ n3^o denote the natural open immersion. Since nQo Speck is a generalized 
affine fibration, we have RT(nQo, Q^)— ^Q^- So, our assertion is reduced to the next lemma. 

Lemma 14. There is a canonical Sd-equivariant isomorphism over „, 

{qyxsnpp).RHom{p*y{nVi^)m*Spr%„, qy^^) ^ (j xid).(Q^Ksym, Wom(^, ^')^'')M( 
Proof Let pvy : ^J^q x X'^ — > „3^o denote the projection. Using the commutative diagram 

nJ^O XBun„ n Modrf ^ „3^o XBun„ nModrf 
i qyxsupp [ qyxsujjp 

.3^0 xXW '"^^^"^ .3^0 xX^ 

we obtain 

(qj; X supp)* Ymom{p*y{nVi.^) O q*Spr%„, q^^-^) ^ 

(qj; X supp), RHom(p!(p^UP^_^) ® S^*{E'* f''), q^^-O) ^ 

(qy X suvp),p,RHom{p*y{nV%^^)®^*{E'*f^, p'q!y^°) ^ 

(id X sym),(qy x su^)^ KHom{p*y{nV%^^) ® supp*(S'*)^'^, {qy x S^)- piy m^) ^ 

(id X sym), KHom{{qy x ^UpyinV^^^) ® S^* {E'*)^''), pry ^ 

(id X sym), R?^om(*° K (E E'*)^'^, pr^ [nd - 2d]C^^^^), 



where the last isomorphism comes from Corolary g. Since pr-y is smooth of relative dimension 
d, our assertion follows. □ 

□ (Proposition |6|) 
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